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Abstract
We study the WZW model based on the centrally extended 2D de Sitter al-
gebra. We obtain the spacetime metric and its explicitly conformally flat expres-
sion. The symmetries of the spacetime are found by identifying the Killing vectors
with the group generators. The energy-momentum tensor obtained from the affine-
Sugawara construction agrees with that from the more conventional approach. The
exact center charge agrees to one-loop order with the one-loop beta function equa-
tions. We have also studied the representations of the corresponding enveloping
Virasoro algebra.
This work was supported in part by the US Department of Energy
There has recently been much interest in WZW models based on non-semi-
simple groups [1][2]. The first of such models is constructed in [2], based on the
centrally extended 2D Poincare´ algebra, which is used in analyzing the gauge theory
of 2D gravity models. In this paper we consider the “centrally extended 2D de Sitter
algebra”, which is also used in the gauge formulation of lineal gravity models [3].
The algebra has the following explicit description:
[J, Pa] = ǫabPb [Pa, Pb] = ǫab(−ΛJ + T ) [T, J ] = [T, Pa] = 0 (1)
We will call the corresponding non-compact group G. The extended Poincare´
algebra is given by the above with Λ = 0.
In general, given a Lie algebra with generators T a (here T a = P1, P2, J, T ),
and structure constants fabd (so [T
a, T b] = ifabd T
d), if there is a bilinear form Ωab
in the generators T a, which is symmetric (Ωab = Ωba), invariant
fabd Ω
cd + facd Ω
bd = 0 (2)
and non-degenerate (so that there is an inverse matrix Ωab obeying ΩabΩ
bc = δca),
then the WZW action on the surface Σ of a three-manifold B is
S(g) =
1
4π
∫
Σ
d2σ ΩabAaαA
α
b +
i
12π
∫
B
d3σ ǫαβγA
α
aA
β
bA
γ
cΩ
cdfabd (3)
where the Aaα’s are defined via the left invariant one-forms g
−1∂αg = AaαT a.
Usually for semisimple groups one can choose the bilinear form Ωab = Kab ≡
facd f
bd
c . However, for non-semi-simple groups this quadratic form is degenerate.
Nevertheless, the G Lie algebra does have another non-degenerate bilinear form [3]
i.e.
Ωab = k

1 0 0 0
0 1 0 0
0 0 b1−bΛ
1
1−bΛ
0 0 11−bΛ
Λ
1−bΛ
 (4)
This metric on the Lie algebra has signature (+,+,+,−sign(1 − bΛ)), and that
will therefore be the signature of the resulting space-time metric.
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In order to write (3) explicitly we need to find the Aa’s. To this purpose we
use the following parametrization of the group manifold:
g = ea1P1+a2P2euJ+vT (5)
from which we obtain
AaαA
α
bΩ
ab = ∂αak∂
αak +
1
1− bΛ(b∂αu∂
αu+ 2∂αv∂
αu+ Λ∂αv∂
αv)
+ ∂αu
2(1− cosh q)
q2
ǫijai∂αaj + Λ
2(cosh q − 1)− q2
q4
(ǫijai∂αaj)
2
(6)
ǫαβγA
α
aA
β
bA
γ
cΩ
cdfabd = 2ǫαβγ × 3∂α[u
sinh q
q
∂βa1∂
γa2] (7)
where q ≡
√
Λ(a21 + a
2
2). Thus we are still able to reduce the Wess-Zumino term
to a surface term without introducing any singularities. By using the polar coor-
dinates
a1 ≡ r cos θ a2 ≡ r sin θ (8)
and identifying the resulting action with the non-linear σ-model action of the form
S =
k
4π
∫
d2σ(Gab∂αX
a∂αXb + iBabǫαβ∂
αXa∂βXb) (9)
where Xa = (r, θ, u, v), one can read off the background space-time metric and
antisymmetric tensor field. The space-time geometry is described by the metric
ds2 = dr2 + 2
coshλr − 1
λ2
dθ2 − 2coshλr − 1
λ2
dudθ +
1
1− bΛ(bdu
2 + 2dudv + Λdv2)
(10)
and
B12 = u
sinhλr
λ
(11)
where λ ≡ √Λ , and the dilaton is constant because of the homogeneity of the
2
group manifold. In terms of (r, θ, u, v), the left invariant currents are
A1α = cos(u− θ)∂αr + sin(u− θ)sinh λr
λ
∂αθ
A2α = − sin(u− θ)∂αr + cos(u− θ)sinh λr
λ
∂αθ
A3α = ∂αu+ (coshλr − 1)∂αθ
A4α = ∂αv − 1
λ2
(cosh λr − 1)∂αθ
(12)
Introducing
Aaα ≡ Aai∂αX i ≡ (T−1)ia∂αX i (13)
we have
∂i(T
−1)ja − ∂j(T−1)ia = if bca (T−1)ib(T−1)jc (14)
These are the Maurer-Cartan equations satisfied by the left invariant currents. The
classical equations of motion are given by, in terms of the light-cone coordinates
x± = 1√2(τ ± σ),
∂−Aa+ = 0 (15)
Thus the Aa+’s are functions of x+ only.
To check that this model is conformally invariant, we first look at the one loop
beta function equations [4]
Rab +
1
4
H2ab +∇a∇bφ = 0
∇cHcab +∇cφHcab = 0
R +
1
12
H2 + 2∇2φ+ (∇φ)2 − Λ1 = 0
(16)
where Hcab = ∇[cBab] and H2ab = HacdH cdb , H2 = HabcHabc, and Λ1 = 2k(c−4)/3.
One finds that the non-zero components of Rab are
R11 =
1
2
λ2 R22 = coshλr − 1 R23 = −1
2
(coshλr − 1) R33 = −1
2
(17)
and as the only non-zero component of B is B12 = u
sinhλr
λ , the only non-zero
3
component ofH is H123 =
sinhλr
λ . Also we have R = 3Λ/2 andH
2 = −6Λ. Putting
these pieces together, one verifies equations (16) with Λ1 = Λ and c = 4 +
3Λ
2k .
This can also be studied nonperturbatively by generalizing the Sugawara con-
struction to non-semi-simple algebras. The Lie algebra of Eq.(1) admits a 2 × 2
representation
P1 =
λ
2
(
0 1
1 0
)
P2 =
λ
2
(
0 −i
i 0
)
J =
(
b′ − 12i 0
0 b′ + 12 i
)
T = b′
(
λ2 0
0 λ2
)
(18)
One finds that (here ta = P1, P2, J, T )
Tr tatb =
Λ
2k
Ωab (19)
provided 4b′2 = 1/(1 − bΛ). Thus the Polyakov-Wiegmann composition rule still
holds, and one can obtain the Kac-Moody symmetry of the model [5][6]. Introduc-
ing
Ja(x+) ≡ 2ΩabAb+(x+) (20)
we have the canonical commutators
[Ja(x+), J
b(y+)] = −2πδ(x+ − y+)fabc Jc(x+)− 4πiδ′(x+ − y+)Ωab (21)
These currents correspond to fermionic currents in a free fermion theory under the
non-abelian bosonization. Introducing z = eix+ (hence |z| = 1) and expanding
Ja(z) in Laurent series
Ja(z) =
∞∑
n=−∞
Janz
−n−1 Jan =
∮
dz
2πi
znJa(z) (22)
one obtains
[Jam, J
b
n] = if
ab
c J
c
m+n + 2Ω
abmδm+n,0 (23)
which can be viewed as a representation of the Kac-Moody algebra in terms of the
currents. Following [7] we take the moments of the energy-momentum tensor to
4
be
Lm = Lab
∑
k
: Jam+kJ
b
−k : ≡ Lab
 ∑
k≤−m/2
Jam+kJ
b
−k +
∑
k>−m/2
Jb−kJ
a
m+k
 (24)
where Lab = Lba. Namely T (z) =
∑∞
n=−∞ Lnz
−n−2 is the energy-momentum
tensor operator. Our normal ordering convention is the same as that used in [8].
Hermiticity of these generators implies Ja†n = Ja−n and L
†
n = L−n. Using Eq.(23),
we calculate
[Lm, J
a
n] = Lcd
∑
k
[
Jcm+kJ
d
−k, J
a
n
]
ψ(ǫk)
= −n
(
4LcdΩ
ac + Lbcf
ac
e f
eb
d
)
Jdm+n + iLcdf
ac
e
{∑
k
: Jdm+kJ
e
−k :
+
∑
k
: Jem+kJ
d
−k : + 2Ω
deδm+n,0
[ ∑
k>−m
(k +m) +
∑
k>0
k
]
ψ(ǫk)
}
(25)
where the symmetric cut-off function [8]
ψ(x) =
{
1 |x| ≤ 1
0 |x| > 1 (26)
is to regularize possible ambiguities under shifting indices. We have suppressed
the function ψ(x) for those terms that do not have such ambiguities. Requiring
that the currents be primary fields of the energy-momentum tensor with conformal
weight one
[Lm, J
a
n] = −nJam+n (27)
one finds [7][9] that Lab is invariant and that
L−1ab = 4Ω
ab +Kab (28)
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Next one can use Eq.(27) to verify the Virasoro algebra
[Lm, Ln] = Lcd
∑
k
[Lm, J
c
n+kJ
d
−k]ψ(ǫk)
= (m− n)Lm+n + 1
3
(m3 −m)LcdΩcdδm+n,0
(29)
Therefore c = 4LabΩ
ab. In our case, the inverse inertia tensor is given by
Lab =
1
2(2k − Λ)

1 0 0 0
0 1 0 0
0 0 −Λ 1
0 0 1 −b− 1−bΛ2k
 (30)
This is the expected result since our model is equivalent to an SU(1, 1)⊗ IR WZW
model. The center charge is
c = 4 +
3Λ
2k − Λ =
6k
2k − Λ + 1 = 4 +
3Λ
2k
+O
(
1
k2
)
(31)
where the contribution 6k/(2k−Λ) is from the SU(1, 1) factor. A similar analysis
has been carried out for a larger class of non-semi-simple groups [10].
Conformally invariant theories with plane wave metrics were studied in [11].
It was shown that the beta function equations are satisfied to all loop orders due
to the vanishing of curvature invariants. The study was extended to cases where
the metrics are of the form of Brinkmann’s generalized plane-fronted waves with
parallel rays in Ref.[12]. This method does not apply here, since all curvature
invariants do not vanish. (And hence that rank two tensors such as R2Rab do not
vanish.)
It remains interesting to study the construction of these curvature invariants.
One finds that the metric of Eq.(10) is conformally flat, and that
∇fRabcd = 0 ∇fHabc = 0 (32)
Hence the beta functions must all be covariantly constant to all loop orders. In
particular, βΦ must be a constant to all orders in (1/k). It was conjectured that
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the conditions Eqs.(16) and (32) imply that the Wess-Zumino term is never renor-
malized to all loop orders [13]. Now let us consider a curvature invariant of order
k
Q = Q(gab, Rabcd, . . . ,∇f1 . . .∇fkRabcd) (33)
We see that only 0-th order invariants can be constructed. Moreover, the 14 0-th
order curvature invariants of Eq.(10) are all constants, due to
∂fQ = ∇fQ = 0 (34)
Explicitly, these invariants are the 10 vanishing quantities constructed with the
use of the Weyl tensor and the 4 invariants formed out of the Ricci tensor [14]
Qn ≡ Tr
(
Rba
)n
=
3Λn
2n
n = 1, 2, 3, 4 (35)
The model describes a homogeneous space-time; the left and right action of
G on itself gives rise to a seven dimensional symmetry group of the space-time,
as the left and right actions of the central generator T coincide. By a shift in v
and then a rotation with angle u in the (a1, a2) plane, we can re-write Eq.(10) as
ds2 = dŝ2 + dv2 with
dŝ2 =
4
Λ
(dr2 + sinh2 r dθ2 − cosh2 r du2) (36)
being a metric for the 3D de Sitter space, which can be realized as an embedding
in the 4D flat space
ds2 = −dt2 + dx2 + dy2 − dw2 (37)
with the transformations [15]
t =
2
λ
sin u cosh r x =
2
λ
cos θ sinh r y =
2
λ
sin θ sinh r w =
2
λ
cos u cosh r
(38)
We see that the seven symmetries of Eq.(10) are associated with the six symmetries
of the 3D de Sitter space and a translation in the flat dimension. Using a different
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set of embedding coordinates
t = cosχ x = sinχ sinh η cosφ y = sinχ sinh η sinφ w = sinχ cosh η
(39)
one can bring the metric
ds2 = dv2 + dr2 + sinh2 r dθ2 − cosh2 r du2 (40)
to the Robertson-Walker form
ds2 = dv2 − dχ2 + sin2 χ (dη2 + sinh2 η dφ2) (41)
whose explicitly conformally flat expression is known. We thus find
ds2 = cos2
1
2
(v + χ) cos2
1
2
(v − χ) [4dαdβ + (α− β)2(dη2 + sinh2 η dφ2)] (42)
where
α = tan
1
2
(v + χ) β = tan
1
2
(v − χ) (43)
The spacetime inside the bracket in Eq.(42) is manifestly flat. The result can be
viewed as a generalization of the fact that the exact plane wave studied in [2]
ds2 = dx2 − 2du
[
dv +
1
2
ǫijx
jdxi
]
+ bdu2 (44)
is conformally flat with conformal factor cos−2(u/2). The above space-time has
non-vanishing Ricci tensor, a covariantly constant null vector and vanishing cur-
vature invariants. It also has seven symmetries.
The explicit forms of the symmetry of the metric Eq.(10) can be found as
follows. The group generators, when acting on group parameter space, can be
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represented as differential operators [16]. With the parametrization of Eq.(5), we
have
P1 = cos(u− θ) ∂
∂r
+
λ sin(u− θ)
sinhλr
∂
∂θ
− sin(u− θ) tanh λ
2
r
(
λ
∂
∂u
− 1
λ
∂
∂v
)
P2 = − sin(u− θ) ∂
∂r
+
λ cos(u− θ)
sinhλr
∂
∂θ
− cos(u− θ) tanh λ
2
r
(
λ
∂
∂u
− 1
λ
∂
∂v
)
J =
∂
∂u
T =
∂
∂v
(45)
They correspond to the right action of the group, i.e., with infinitesimal elements
acting from the right. We can write the above T a’s (here T a = P1, P2, J, T ) as
T a = (T a)i
∂
∂X i
= T ai
∂
∂X i
(46)
where the T ai’s are introduced in Eq.(13). Indeed, from the structure equation
Eq.(14) and ∂(TT−1) = 0 one obtains
T ai∂iT
bj − T bi∂iT aj = ifabc T cj (47)
which are the desired group algebras.
It follows that the T a’s are Killing vectors of the metric [17], which can be
expressed as
Gij = ΩabT
aiT bj (48)
In fact, by using the commutators Eq.(47) and the invariant condition Eq.(2), one
can verify
T ak∂kG
ij −Gkj∂kT ai −Gik∂kT aj = 0 (49)
which are equivalent to the Killing equations. The group invariant measure is
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found to be proportional to the volume element of the metric Eq.(10):
∣∣detT ai∣∣−1 = |detΩab|1/2√G = sinh λr
λ
(50)
Furthermore, the quadratic Casimir operator is equal to the Laplacian associated
with the metric:
∆ ≡ ΩabT aT b = 1√
G
∂i
(√
GGij∂j
)
(51)
To see this, we use the formula, which is true for an arbitrary non-singular matrix
X ,
∂detX
detX
= Tr
(
X−1∂X
)
(52)
and the commutation relations Eq.(47), to obtain
ΩabT
aT b − 1√
G
∂i
(√
GGij∂j
)
= −Ωabfacc T bj∂j (53)
But this vanishes due to the invariant condition Eq.(2):
−Ωabfacc T bj∂j = Ωacfacb T bj∂j = 0 (54)
The group representation functions, which we denote as |lmp >, are simultaneous
eigenfunctions of ∆, J and T . They form the regular representation of the group.
The remaining three Killing vectors correspond to the left action of the group.
The corresponding group generators are given by
P 1 = cos θ
∂
∂r
− λ sin θ cothλr ∂
∂θ
− sin θ tanh λ
2
r
(
λ
∂
∂u
− 1
λ
∂
∂v
)
P 2 = sin θ
∂
∂r
+ λ cos θ cothλr
∂
∂θ
+ cos θ tanh
λ
2
r
(
λ
∂
∂u
− 1
λ
∂
∂v
)
J =
∂
∂θ
+
∂
∂u
T =
∂
∂v
(55)
From the above one obtains the left invariant measure and the Casimir operator. In
this case they are the same as the right invariant ones. The two sets of generators
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are independent (T and T are the same). Together they form the anti-de Sitter
algebra so(2, 2) plus a center element. Since the metrics constructed via the left or
right invariant one-forms are the same, the left and right invariant measures will
always be the same whenever such metrics can be constructed [18]. Note that at
any given point, we can always find four Killing vectors
(
∂
∂r ,
∂
∂θ ,
∂
∂u ,
∂
∂v
)
, as required
by the homogeneity of the spacetime.
In the following we consider highest weight representations of the enveloping
Virasoro algebra of Eq.(29). The states |lmp > provide representations for the
zero mode generators Ja0 . Assuming there exists a highest weight state |lmp,N >,
where N denotes additional degrees of freedom, satisfying [19]
Jan|lmp,N > = 0 Ln|lmp,N > = 0 (n > 0) (56)
The Virasoro operator L0, when acting on this highest weight state, can be repre-
sented as
L0 = LabJ
a
0J
b
0 = LabT
aT b (57)
Since Lab is invariant, L0 can be identified with the Laplace operator associated
with the metric
G˜ij = LabT
aiT bj (58)
Note that G˜ij is proportional to Gij up to a redefinition of b. We then obtain
L0 = L0 =
k
2(2k − Λ)∆−
1− bΛ
4k(2k − Λ)
∂2
∂v2
=
k
2(2k − Λ)∆−
1− bΛ
4k(2k − Λ)
∂2
∂v2
(59)
This gives the conformal weight hlmp of the highest weight state in terms of the
eigenvalues of ∆ and T . In the geometric formulation of the general affine-Virasoro
construction, the center charge is given by [20]
c = dim G+ 4R˜ (60)
where R˜ is the curvature scalar associated with the metric G˜ij . One easily verifies
that this reproduces our previous result for the center charge.
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Descendant states are formed by the action of a series of L−n (n > 0) on
|lmp,N >. A linear combination of states that vanishes is known as a null state.
The representation of the Virasoro algebra is constructed from the Verma module
consisting of the highest weight state and the set of states
L−k1L−k2 . . . L−kn |lmp,N > 1 ≤ k1 ≤ k2 ≤ . . . ≤ kn (61)
by removing all null states and their descendants. Unitarity of the representation
requires the non-existence of negative norm states. (If O†O|α >= −|α >, then
O|α > is a “negative norm” state.) This in turn requires that the Kac determinant
be non-negative, which results in the conditions c ≥ 1 and hlmp ≥ 0, in addition
to the discrete series with 0 < c < 1. If our parameters are such that c > 1, so
that there are no null descendant states except at hlmp = 0, we can write down
the Virasoro characters as
χlmp(q, θ1, θ2) = q
−c/24TrlmpqL0eiθ1J+iθ2T =
q−(c/24)+hlmpei(m+p)θ1+iΛpθ2∏∞
n=1(1− qn)
(62)
for hlmp 6= 0, and
χlmp(q, θ1, θ2) =
q−c/24ei(m+p)θ1+iΛpθ2(1− q)∏∞
n=1(1− qn)
(63)
for hlmp = 0.
In conclusion, we have studied the WZW model based on the “centrally ex-
tended 2D de Sitter algebra”. We found the explicitly conformally flat expression
of the spacetime metric, described by Eqs.(42) and (43). The energy-momentum
tensor obtained from the affine-Sugawara construction agrees with that from the
more conventional approach. The exact center charge agrees to one-loop order with
the one-loop beta function equations. We have also studied the representations of
the corresponding Virasoro algebra.
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